We determine the pairs of torus knots that have a genus one cobordism between them, with one notable exception. This is done by combining obstructions using ν + from the Heegaard Floer knot complex and explicit cobordisms constructions. As an application, we determine the induced subgraph of the Gordian graph on the set of vertices that are given by torus knots.
Introduction
Let K and J be knots-smooth non-empty connected oriented 1-submanifolds of the 3-sphere S 3 . The cobordism distance between K and J, denoted by d(K, J), is defined to be the smallest integer that arises as the genus of a smoothly embedded oriented surface in S 3 × [0, 1] with boundary (appropriately oriented) J × {0} and K × {1}. Equivalently, d(K, J) maybe defined as g 4 (J# − K), where g 4 (K) denotes the smooth 4-ball genus of a knot K, # denotes connected sum of knots, and −K denotes the knot obtained from K by mirroring and reversing orientation. The cobordism distance and the 4-ball genus of knots are generally hard to determine but for torus knots, the 4-ball genus is known by the local Thom conjecture [KM93] . However, the cobordism distance between two torus knots that are not unknots is, in general, not understood beyond some partial progress. Besides being a natural next step to understand (after distance between the unknot and a torus knot), the determination of the cobordism distance between torus knots is of interest because of connections to questions about existence of deformation of singularities of plane curves [Arn72, BL16, Fel16] .
We describe what is known. Non-isotopic torus knots have non-zero cobordism distance; in fact, non-trivial positive torus knots are linearly independent in the concordance group [Lit79] . Trotter's classical knot signature [Tro62] and the Tristram-Levine signatures [Tri69, Lev69] allows to determine the cobordism distance of most torus knots of two fixed braid indices up to a constant [Baa12] . The modern Heegaard Floer concordance invariants ν + [HW16] and Υ [OSS17] allow to give better bounds on cobordism distance depending on the braid indicies [BCG17, FK17] . And for small braid indices, these invariants even allow to determine the cobordism distance completely [Fel16, BFLZ16] .
In this text, we determine which pairs of torus knots have cobordism distance one, except for one (for which we do know the distance is at most two), which brings us to ask:
Question 1.1. Is the cobordism distance between T 3,14 and T 5,8 one?
All other pairs are covered by our main result: Theorem 1.2. Let {T p,q , T p ,q } be any pair of non-trivial positive torus knots; that is, both p, q and p , q are coprime integers larger than or equal to 2. If the pair is one of the following (1) {T 2,2n+1 , T 2,2n+3 } for n ≥ 1,
(2) {T 3,3n+1 , T 3,3n+2 } for n ≥ 1, (3) {T 3n+1,9n+6 , T 3n+2,9n+3 } for n ≥ 1, (4) {T 2n+1,4n+6 , T 2n+3,4n+2 } for n ≥ 1, (5) {T 2,2n−3 , T 3,n } for n = 4, 5, 7, and 8, (6) {T 2,7 , T 3,4 }, {T 2,9 , T 3,5 }, {T 2,11 , T 4,5 }, {T 3,7 , T 4,5 }, {T 3,10 , T 4,7 }, {T 4,9 , T 5,7 }, then there exists a genus one cobordism between them (i.e. d(T p,q , T p ,q ) = 1). If the pair is not one of (1)-(6) nor (7) {T 3,14 , T 5,8 }, then there is no genus one cobordism between them (i.e. d(T p,q , T p ,q ) ≥ 2).
Note that the cobordism distance between two negative torus knots is equal to the cobordism distance between their mirrors, which are positive torus knots. Also, by using the Ozsváth-Szabó τ invariant [OS03] , it is straight forward to verify that the cobordism distance between a positive torus knot and a negative torus knot is equal to the sum of their 4-ball genus. Hence, considering pairs of positive torus knots, as is done in Theorem 1.2, suffices to classify all pairs of torus knots with cobordism distance one.
The cobordisms in Theorem 1.2 are constructed using positive braid manipulations. Before we describe how we obstruct the existence of genus one cobordisms between pairs of torus knots not in (1)-(7) using ν + from Heegaard Floer theory, we discuss an application to an unknotting question.
Gordian distance one torus knots. Given two knots K and J, their Gordian distance is defined to be the minimal number of crossing changes needed to get from K to J (see e.g. [Mur85] ). As a consequence of Theorem 1.2 (and its proof), we find which pairs of torus knots have Gordian distance one: Corollary 1.3. Let T p,q and T p ,q be distinct positive torus knots. The knots T p,q and T p ,q have Gordian distance one (i.e. one can be turned into the other by one crossing change) if and only if {T p,q , T p ,q } is one of the following:
(1) {T 2,2n+1 , T 2,2n+3 } for n ≥ 0, (2) {T 3,3n+1 , T 3,3n+2 } for n ≥ 1, (3) {T 2,5 , T 3,4 } and {T 2,7 , T 3,5 }.
A bit of context on this result. The study of the Gordian distance goes back to Wendt's considerations on the unknotting number or Gordian number u(K) of a knotthe Gordian distance of a knot to the unknot [Wen37] . The Gordian graph is the graph that has isotopy classes of knots as vertices and an edge between any two vertices with Gordian distance one. One way to phrase Corollary 1.3 is the following. The induced subgraph on the vertices given by torus knots is given by edges between the pairs described in Corollary 1.3 and edges between their mirrors. Note that that study of the Gordian distance between torus knots (the distance in the Gordian Graph between vertices given by torus knots) turns out to be very subtle; see e.g. [GG05] . We only treat the distance one case.
The point of Corollary 1.3 is not that the given pairs of torus knots are related by a crossing change; this is well-known and fits well with a related concept, the existence of so called δ-constant deformation between the corresponding simple singularities (see [BL16] for how δ-constant deformation imply the existence of unknoting, up to concordance). Instead, we use Theorem 1.2 to exclude most pairs of torus knots to have Gordian distance one and then discuss the remaining pairs using the same invariant as for Theorem 1.2 and Tristram-Levine signature; see Section 4.
Obstructing cobordisms using ν + . As an obstruction to having cobordisms of genus one, we use ν + , a positive integer valued knot invariant defined by Hom and Wu [HW16] such that ν + (J# − K) ≤ g 4 (J# − K) = d(K, J) for all knots K and J. Using a recipe (see [BCG17, Theorem 1.1]) to determine ν + for connected sums of torus knots in terms of their so called 'semi-groups' (invariants more generally associated with knots of plane curve singularities), we establish the following.
Proposition 1.4. Let T p,q and T p ,q be distinct non-trivial positive torus knots. We have
if and only if {T p,q , T p ,q } is one of the pairs in the families (1)-(7) in Theorem 1.2.
In particular, if a pair of distinct non-trivial positive torus knots is not in the families (1)-(7), then they do not bound a genus one cobordism. As a consequence, one may wonder the following about differences between the smooth and topological category: Question 1.5. Does there exist a pair of positive torus knots where there exists a locally flat genus one cobordism between them but not a smooth one?
A further pair of torus knots for which the smooth cobordism distance is at least 2 by Theorem 1.2, but the authors do not know whether the topological cobordism distance is one, is the pair T 8,11 and T 5,18 .
Even for families of torus knots, where experimental evidence suggest that Tristram-Levine signatures could suffice as obstructions, the authors do not see how to achieve this, given that the formulas for Tristram-Levine signatures of torus knots are involved.
Finally, as a side remark, we note that Theorem 1.2 could not have been proved using Υ (a lower bound for ν + introduced by Ozsváth, Stipsicz, and Szabó [OSS17] that has the benefit of being a (collection) of concordance homomorphism(s)). Indeed, Υ does not obstruct the pair T 5,17 and T 7,12 from having cobordism distance one.
Positive braids and decomposable Lagrangian cobordisms. For a positive integer n, the standard group presentation for Artin's braid group on n strands [Art25], denoted by B n , is given by generators a 1 , · · · , a n−1 (know as Artin generators) subject to the braid relations a i a i+1 a i = a i+1 a i a i+1 for 1 ≤ i ≤ n − 2 and a i a j = a j a i for |i − j| ≥ 2.
We refer to [Bir74] for details on braids, including the notions of braid closures and braid diagrams (as used in Figures 2 to 6).
Given a positive braid β (that is, a braid that is the product of positive powers of Artin generators), its closure has an associated Legendrian representative Λ β in the standard contact structure of R 3 , which is well-defined up to Legendrian isotopy and maximizes the Thurston-Bennequin number (see Section 5 for details). In fact, two positive braids with the same closure yield Legendrian isotopic Legendrian representatives [EVHM11, Corollary 1.13]. So, one has a canonical association of a Legendrian representative for every link that is the closure of a positive braid.
Our constructions of cobordisms all come from manipulating positive braids as follows: cyclic permutation of braid words (corresponds to an isotopy), positive Markov stabilization (corresponds to an isotopy), and deletion of a positive generator (corresponds to a 1-handle attachment). It turns out, that these in fact correspond to so-called decomposable Lagrangian cobordisms, which are broken into elemantary pieces associated to Legendrian isotopies, pinches, and births.
Lemma 1.6. Let β and β be positive braids such that there is a sequence of positive braids β 0 , β 1 , . . . β n with β 0 = β and β n = β such that, for all j ∈ {0, 1, · · · , n − 1}, β j+1 and β j are related as follows:
(i) β j+1 is obtained from β j by cyclic permutation, (ii) β j+1 is obtained from β j by positive Markov stabilization or destabilization, or (iii) β j+1 = β j a, where a is one of the standard positive Artin generators. Then there exists a decomposable Lagrangian cobordism from Λ β to Λ β .
We suspect that Lemma 1.6 is well-known to experts, but provide a proof for completeness.
Remark 1.7. We note that Lemma 1.6 fits well with the following analog for quasipositive braids. Rudolph showed that every closure of a quasipositive braid arises as the transverse intersection of a smooth complex curve in C 2 with a round 3-sphere centered at the origin [Rud83] . Furthermore, it turns out that if one can get from one closure of a quasipositive braid to another using the analog of the above (i), (ii), and (iii) for quasipositive generators, then their closures are related by an algebraic cobordism; that is, there exist two round 3-spheres in C 2 and a smooth complex curve intersecting them transversally such that the intersections are the two closures, respectively [Fel16, Lemma 6]. One can paraphrase Lemma 1.6 as follows: if one obtains one positive braid from the other by a sequence of (i), (ii), (iii), then the corresponding algebraic cobordism is in fact given as a decomposeable Lagrangian one.
As a corollary of our proof of Theorem 1.2, we have the following. Let Λ p,q denote the Legendrian knot Λ βp,q that is associated with the positive p-braid β p,q = (a 1 · · · a p−1 ) q with closure the torus knot T p,q . For additional motivation, why it is natural to study the Legendrian knot Λ p,q , we note that Λ p,q is the unique Legendrian representative of T p,q that maximizes the Thurston-Bennequin number [EH01] .
Theorem 1.8. Let (Λ p,q , Λ p ,q ) be any ordered pair of Thurston-Bennequin number maximizing Legendrian knots that represent non-trivial positive torus knots T p,q and T p ,q , respectively. If the ordered pair is one of the following
(Λ 2,2n−3 , Λ 3,n ) for n = 4, 5, 7, and 8, (6) (Λ 2,11 , Λ 4,5 ), then there exists a genus one decomposable Lagrangian cobordism from Λ p,q to Λ p ,q .
If the pair is not one of (1)-(6) nor
then there is no genus one exact Lagrangian from Λ p,q to Λ p ,q . Furthermore, for all pairs of T p,q and T p ,q that have cobordism distance one by Theorem 1.2 and have the same g 4 . There exists a 2-component Legendrian link L and two decomposable Lagrangian cobordisms, one from Λ p,q to L and one from Λ p ,q to L, 1 that glue together to give a genus 1 cobordism from T p,q and T p ,q .
As a first step towards a negative answer to Question 1.1, we wonder whether one can use contact invariants to provide a negative answer to the following question. Question 1.9. Does there exist a decomposable Lagrangian cobordism from Λ 3,14 to Λ 5,8 ?
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Proof of Theorem 1.2 Part 1: finding cobordisms
In this article, we work in the smooth category and all manifolds are oriented. To find the genus one cobordism establishing, we use previous constructions together with three new explicitly constructed cobordisms that realize the cobordism distance. Theorem 1.2 consist of two parts. We restated the first, about the existence of genus one cobordisms, in a seperate proposition.
Proposition 2.1. Let {T p,q , T p ,q } be any pair of non-trivial positive torus knots. If the pair is one of the (1)-(6), then there exists a genus one cobordism between them (i.e. d(T p,q , T p ,q ) = 1).
All cobordism constructed below, will be given as a composition of 1-handles (saddles) corresponding to a saddle move on knots and links. Here a saddle move is understood to be the operation of changing a link in a 3-ball as diagrammatically described on the left-hand side in Figure 1 . In fact, all saddles moves will be given as smoothing crossing ↔ ↔ Figure 1 . Left: A saddle move. Right: A smoothing of a crossing, which is obtained by applying a saddle move to the blue sphere.
(respectively its inverse: adding a crossing) in a diagram of a link, which is another diagrammatic representation of a saddle move; see right-hand side in Figure 1 . And in turn, all our smoothing and adding of crossings, will correspond to deleting or adding a generator in a positive braid word.
Proof of Proposition 2.1. For torus knots T p,q and T p ,q with p + p ≤ 6, the cobordism distance has been determined; see [Fel16, Corollary 3] . In particular, the pairs of knots in the families (1), (2), and (5) have cobordism distance one. Furthermore, this also shows that half of the pairs of (6) have cobordism distance one; namely, {T 2,7 , T 3,4 }, {T 2,9 , T 3,5 }, and {T 2,11 , T 4,5 }. However, we note that these cobordisms were most likely all previously known to experts. For example, for all pairs of torus knots where both knots correspond to simple singularities, the cobordism distance is (implicitly) determined by Arnold in his classification of adjacency of simple singularities [Arn72] . For the families (1) and (2), it is even known that these pairs of knots have Gordian distance one (that is, one can be turned into the other by one crossing change); compare with the proof of Corollary 1.3 below.
To establish cobordism distance one for the families (3) and (4), we recall the following result of Baader [Baa12, Proposition 1]. Let a, b, c be pairwise coprime positive integers. Then there exists a cobordism of genus |b−a|(c−1) 2 between the torus knots T a,bc and T b,ac . Setting a = 3n + 1, b = 3n + 2, and c = 3 for the family (3) and a = 2n + 1, b = 2n + 3, and c = 2 for the family (4), yields the genus one cobordisms. We make a remark on Baader's construction of these cobordism, which will only become relevant in the proof of Corollary 1.3.
Remark 2.2. In fact (for this we assume w.l.o.g. that a ≤ b), inspecting Baader's proof shows that he writes T b,ac as the closure of a positive braid given by a specific positive braid word from which one can delete (b − a)(c − 1) positive generators to obtain a positive braid with closure T a,bc . This corresponds to smoothing (b − a)(c − 1) crossings in a standard diagram of the closure of the braid, and, thus, gives a genus (b−a)(c−1) 2 cobordism given as the concatenation of (b − a)(c − 1) 1-handles.
Similarly, all the above cobordisms that are coming from [Fel16, Corollary 3] are obtained as follows. The larger genus torus knot is realized as the closure of a positive braid from which two positive generators are deleted to obtain a positive braid with closure the other torus knot.
It remains to discuss {T 3,7 , T 4,5 }, {T 3,10 , T 4,7 }, and {T 4,9 , T 5,7 } from (6). Construction of a genus 1 cobordism between T 4,9 and T 5,7 : We view T 5,7 as the closure of the 8-braid β := (a 1 a 2 a 3 a 4 a 5 a 6 a 7 )(a 1 a 2 a 3 a 4 a 5 a 6 ) 4 , which is obtained from the standard 7-braid (a 1 a 2 a 3 a 4 a 5 a 6 ) 5 with closure T 5,7 by one positive Markov stabilization.
Denote by ♦ the 8-braid ♦ := a 4 a 5 a 6 a 7 a 3 a 4 a 5 a 6 a 2 a 3 a 4 a 5 a 1 a 2 a 3 a 4 , with the following commutation property:
Applying braid relations one finds the following equalities of braids in the 8-stranded braid group (see Left of Figure 2) :
β =a 1 a 2 a 3 a 1 a 2 a 1 ♦a 6 a 5 a 6 (a 1 a 2 a 3 a 4 a 5 a 6 ) = a 4 a 1 a 2 a 3 a 1 a 2 a 1 ♦a 6 a 5 a 6 (a 1 a 2 a 3 a 4 a 5 ).
By applying a cyclic permutation (a special case of conjugation, which preserves the closure; see Middle of Figure 2) to the above positive word representing β yields β :=a 1 a 2 a 3 a 1 a 2 a 1 ♦a 6 a 5 a 6 (a 1 a 2 a 3 a 4 a 5 )a 4 = a 1 a 2 a 3 a 1 a 2 a 1 ♦a 6 a 6 a 5 a 6 (a 1 a 2 a 3 a 4 a 5 ), we observe that by deleting the last occurrence of a 4 (red above, and red-marked crossing in Figure 2 ) and adding one a 7 (red below), we can turn β into β := a 1 a 2 a 3 a 1 a 2 a 1 ♦a 6 a 6 a 7 a 5 a 6 (a 1 a 2 a 3 a 5 ). Deleting and adding a braid generator changes the closure by smoothing a crossing and adding a crossing, respectively. Recalling that each of these correspond to a 1-handle, there is a genus 1 cobordism build out of two 1-handles between the knots T 5,7 and the knot K given as the closure of β . To conclude d(T 4,9 , T 5,7 ) = 1, we now show that K = T 4,9 :
We rewrite the 8-braid β =(a 1 a 2 a 3 a 1 a 2 a 1 )♦(a 6 a 6 a 7 a 5 a 6 a 5 )(a 1 a 2 a 3 ) (2.1) = (a 1 a 2 a 3 a 1 a 2 a 1 )(a 2 a 2 a 3 a 1 a 2 a 1 )♦(a 1 a 2 a 3 ) and observe (see Figure 3 ) that it has the same closure as the 4-braid β given by the braid word obtained from the above by replacing ♦ by the so called full-twist ∆ 2 = (a 1 a 2 a 3 ) 4 : β := (a 1 a 2 a 3 a 1 a 2 a 1 )(a 2 a 2 a 3 a 1 a 2 a 1 )∆ 2 (a 1 a 2 a 3 ). Figure 3 ). Right: Cyclic permutation on β (the grey marked crossing is removed on the bottom and added to the top) yields a braid which is (a 1 a 2 a 3 ) 9 (most right) up to braid isotopy (the braid isotopy is for the last two equalities are given by isotoping the grey-marked crossing down). β = a 2 (a 1 a 2 a 3 a 1 a 2 a 1 )(a 2 a 3 a 1 a 2 a 1 )∆ 2 (a 1 a 2 a 3 ), and a cyclic permutation gives (a 1 a 2 a 3 a 1 a 2 a 1 )(a 2 a 3 a 1 a 2 a 1 )∆ 2 (a 1 a 2 a 3 )a 2 =(a 1 a 2 a 3 a 1 a 2 a 1 )(a 2 a 3 a 1 a 2 a 1 )a 3 ∆ 2 (a 1 a 2 a 3 ) =(a 1 a 2 a 3 a 1 a 2 a 1 )a 3 (a 2 a 3 a 1 a 2 )a 3 ∆ 2 (a 1 a 2 a 3 ) =(a 1 a 2 a 3 a 1 a 2 a 3 a 1 (a 2 a 3 a 1 a 2 )a 3 ∆ 2 (a 1 a 2 a 3 ) =(a 1 a 2 a 3 )(a 1 a 2 a 3 )(a 1 a 2 a 3 )(a 1 a 2 a 3 )∆ 2 (a 1 a 2 a 3 ) =(a 1 a 2 a 3 ) 9 , which establishes that β has closure T (4, 9). Figure 5 . The standard 7-braid with closure T 4,7 (top left) is cyclically permuted. Then a generator is added and one is removed, which corresponds to smoothing a crossing and and adding a crossing (top right to middle left, red). The resulting braid can be Markov destabilized (preserves closure) and has the same closure as a 3-braid that has T 3,10 as its closure.
Construction of a genus one cobordism between T 3,10 and T 4,7 : Again by using braid relations changing between braids with the same closure and adding one and deleting one generator, we manage to get from a braid with closure T 4,7 to a braid with closure T 3,10 . The argument is very similar in style to the construction of the cobordism between T 4,9 and T 5,7 above. Rather than providing the relevant braid words, we provide the corresponding diagrammatic proof; see Figure 5 . As before, this shows the existence of a genus one cobordism between T 3,10 and T 4,7 given by two 1-handles. Construction of a genus one cobordism between T 4,5 and T 3,7 : Once more by using braid relations changing between braids with the same closure and adding one and deleting one generator, we manage to get from a braid with closure T 4,5 to a braid with closure T 3,7 ; see Figure 6 . As before, this yields a genus one cobordism from T 3,7 and T 4,5 given by two 1-handles.
Proof of Theorem 1.2 Part 2: Obstructing cobordisms
First, we record some useful properties of the Ozsváth-Szabó τ invariant [OS03] and the Hom-Wu ν + invariant [HW16] . Recall that the τ invariant is a group homomorphism from the concordance group to Z and the ν + invariant is non-negative integer valued concordance invariant. Further, the τ invariant detects the 4-ball genus of torus knots.
Proposition 3.1 ([OS03, Corollary 1.7]). Let T p,q be a positive torus knot, then
Further, there is an inequality between τ and ν + . Every positive torus knot T p,q has an associate semigroup Γ p,q := p, q ⊂ N (the subsemigroup of N generated by p and q). The nth element of Γ p,q is denoted by Γ p,q (n) and max{Γ p,q (n) − Γ p ,q (n) | n ≥ 1} is denoted by Γ p,q:p ,q . The ν + invariant of the difference of two positive torus knots can be computed as follows. We first briefly check the simpler direction of Proposition 1.4; that is that the pairs of knots listed, indeed satisfy
In fact, we also calculate the minimum (rather than the maximum) of ν + (T p,q # − T p ,q ) and ν + (T p ,q # − T p,q ), which we will use in Section 4.
Lemma 3.4. For all the pairs of knots (1)-(7) in Theorem 1.2, we have
Furthermore, we have
for the pairs (3), (4), (5) if n ∈ {7, 8}, the latter 4 pairs of (6), and (7). In contrast, the remaining pairs provided in Theorem 1.2 satisfy
Proof. For the pairs (1), we have Γ 2,2n+1:2,2n+3 = 0 and Γ 2,2n+3:2,2n+1 = 1. Using Proposition 3.3, we get ν + (T 2,2n+1 # − T 2,2n+3 ) = 0 and ν + (T 2,2n+3 # − T 2,2n+1 ) = 1. The same argument applies for the pairs (2).
For the pairs (3), by Proposition 2.1, 3.1, and 3.2 we have
Further, an easy computation gives Γ 3n+1,9n+6 (3) = 6n + 2 and Γ 3n+2,9n+3 (3) = 6n + 4. Therefore, by Proposition 3.3, we have
Hence ν + (T 3n+1,9n+6 # − T 3n+2,9n+3 ) = 1. The same argument applies for the pairs (4). Lastly, the rest of the cases easily follow from Proposition 3.3. Now, we are ready to prove Proposition 1.4.
Proof of Proposition 1.4. By Lemma 3.4, it remains to show that, whenever
then {T p,q , T p ,q } must be one of the pairs listed in (1)-(7). Suppose max{ν + (T p,q # − T p ,q ), ν + (T p ,q # − T p,q )} ≤ 1. Moreover, w.l.o.g. we may assume that p ≤ p , p < q, and p < q . By Proposition 3.2 we have |τ (T p,q # − T p ,q )| ≤ 1 and by Proposition 3.1 we have
We deal with each case separately.
Case 1:
Combining ν + (T p,q # − T p ,q ) ≤ 1 and Proposition 3.3, we have
Combining above two inequalities, we have 0 ≤ p − p ≤ 2. If p − p = 0, then the equation (3.1) simplifies to (p − 1)(q − q) = 2. Then either p = 2 and q − q = 2 or p = 3 and q − q = 1. These are listed in (1) and (2).
If p − p = 1, then the equation (3.1) simplifies to q = q + q −3 p−1 . Let m = q −3 p−1 , so that q = q + m. Note that m is a positive integer, since q > p > p ≥ 2. We can rewrite the pairs as {T p,mp+3 , T p+1,m(p−1)+3 }. First, suppose m = 1, namely, we are considering the pairs {T p,p+3 , T p+1,p+2 }. If p ≥ 3, then Γ p,p+3 (3) = p + 3 and Γ p+1,p+2 (3) = p + 2. Further, we have
which is a contradiction. If p = 2, we get {T 2,5 , T 3,4 } which is listed in (5). When m = 2, 4, and 5, a similar argument gives {T 2,7 , T 3,5 }, {T 2,11 , T 3,7 }, and {T 2,13 , T 3,8 } which are listed in (5). When m = 3, the pairs are listed in (3). Now, suppose that m ≥ 6, then Γ p,mp+3 (4) = 3p and Γ p+1,m(p−1)+3 (4) = 3p + 3. Therefore we have 3 = Γ p+1,m(p−1)+3 (4) − Γ p,mp+3 (4) ≤ Γ p+1,m(p−1)+3:p,mp+3
which is a contradiction.
If p − p = 2, then the equation (3.1) simplifies to q = q + 2q −4 p−1 . Let m = 2 · q −2 p−1 , so that q = q + m. Note that since q > p > p ≥ 2, we see that m is a positive integer greater than 2. We can rewrite the pairs as (3) = 3p+1 2 . Then we have
which is a contradiction. If p > 7, then Γ p, 3p+7 2
(3) = 3p+7 2 and Γ p+2, 3p+1 2
(3) = 3p+1 2 . Similarly as above, it is straight forward to check that this leads to a contradiction. For the case m = 4, we get the pairs that are listed in (4). Now, assume m > 4. When 1 + 8 m−4 ≤ p, we have Γ p, m(p+1)+4
2
(3) = 2p and Γ p+2, m(p−1)+4
(3) = 2p + 4. We have
which is a contradiction. When 1 + 6 m−4 ≤ p < 1 + 8 m−4 , we have Γ p, m(p+1)+4
(3) = m(p−1)+4
. It is straight forward to check that a similar argument as above gives a contradiction. Hence we only need to consider the case when p < 1 + 6 m−4 . Since p ≥ 2, we see that m ≤ 9. There are three possible pairs, {T 5,17 , T 7,12 }, {T 2,11 , T 4,5 }, and {T 3,14 , T 5,8 }. The first pair can be ruled out, since ν + (T 7,12 # − T 5,17 ) = 2, the second pair is listed in (6), and the last pair is listed in (7).
Case 2:
(3.2) (p − 1)(q − 1) − (p − 1)(q − 1) = 0.
Combining ν + (T p ,q # − T p,q ) ≤ 1 and Proposition 3.3, we have p − p = Γ p ,q (2) − Γ p,q (2) ≤ Γ p ,q :p,q ≤ ν + (T p,q # − T p ,q ) ≤ 1.
Since we are assuming that p ≤ p , we have p − 1 ≤ p ≤ p . Further, p = p , since we are assuming that we have a pair of two distinct torus knots. Hence p = p − 1 and the equation (3.2) simplifies to q = q + q −1 p−1 . Let m = q −1 p−1 , so that q = q + m. Since q > p > p ≥ 2, we see that m is a positive integer greater than 1. The pairs can be rewritten as {T p,mp+1 , T p+1,m(p−1)+1 }. If m = 2, the pairs are {T p,2p+1 , T p+1,2p−1 }. If p ≥ 5, then Γ p,2p+1 (6) = 3p + 1 and Γ p+1,2p−1 (6) = 3p + 3. Therefore, we have
which is a contradiction. When 3 ≤ p ≤ 5, we get pairs {T 3,7 , T 4,5 } and {T 4,9 , T 5,7 } which are listed in (6). If m ≥ 3 and p ≥ 1+ 3 m−2 , then Γ p,mp+1 (3) = 2p and Γ p+1,m(p−1)+1 (3) = 2p + 2. Therefore, we have
which is a contradiction. The remaining cases are when m ≥ 3 and 2 ≤ p < 1 + 3 m−2 , and we get pairs {T 2,7 , T 3,4 }, {T 3,10 , T 4,7 }, and {T 2,9 , T 3,5 } which are listed in (6).
Case 3:
Since we are assuming that p ≤ p , we have p = p . The equation (3.3) simplifies to (p − 1)(q − q ) = 2. Then either p = 2 and q − q = 2 or p = 3 and q − q = 1. These are listed in (1) and (2).
Given that we have now established Proposition 1.4, we take it together with the construction of cobordisms in the previous section to conclude Theorem 1.2.
Proof of Theorem 1.2. Proposition 2.1 yields a genus one cobordism, whenever the pair of torus knots is in one of the families (1)-(6).
The in particular part of Proposition 1.4 establishes that, whenever the pair of torus knots is in one of the families (1)-(7), then the cobordism distance is at least two.
Proof of Corollary 1.3: Obstructing crossing changes
We first recall the behavior of the ν + invariant with respect to the crossing changes.
Proposition 4.1 ([BCG17, Theorem 1.3]). If K + is obtained from K − by changing a negative crossing into a positive one, then
Recall that for a given knot K and a unit complex number ω, Tristram and Levine defined the ω-signature σ ω (K) to be the signature of the hermitian matrix
where A is a Seifert matrix of K [ Lev69, Tri69] . There is a analogous property of Proposition 4.1 for the Tristram-Levine signatures which follows from simple consideration of the Seifert matrices (see e.g. [Gil82, Lip90] ).
Proposition 4.2. If K + is obtained from K − by changing a negative crossing into a positive one, then
Proof of Corollary 1.3. The if-part is well-known to experts, and can be readily seen from the standard knot diagrams arising from positive braid closures. For an explicit reference, we point to the more general statements of Theorem 2 and Theorem 3 in [Fel14] . For the only if direction, we use Proposition 4.1. We first note that, by Proposition 1.4, all pairs different from (1)-(7) in Theorem 1.2 have
thus, at least two crossing changes (in fact of the same type) are needed to turn T p,q # − T p ,q into a knot with ν + = 0. In particular, for all pairs different from (1)-(7), at least two crossing changes are needed to turn T p,q into T p ,q (or even a knot concordant to T p ,q ). Consequently, we are left to consider the pairs (1)-(7).
Next, we note that the pairs described in the 'furthermore'-part of Lemma 3.4, one needs at least 2 crossing changes to turn one of the knots into the other. Indeed, Proposition 4.1 implies that knots K and L with ν + (K# − L) > 0 have the property that any sequence of crossing changes turning K into L must contain at least one positive-to-negative crossing change (since even any sequence of crossing changes that turn K# − L into a knot with ν + = 0 must contain a positive-to-negative crossing change). Consequently, knots K and L such that ν + (K# − L) > 0 and ν + (L# − K) > 0 have Gordian distance at least two.
It remains to discuss the pairs {T 2,7 , T 3,4 } and {T 2,9 , T 3,5 }. We note that ν + (T 2,7 # − T 3,4 ) = ν + (T 2,9 # − T 3,5 ) = 1, which can be easily verified by using Proposition 3.3. Therefore (as argued in the last paragraph) any sequence of crossing changes turning T 2,7 and T 2,9 into T 3,4 and T 3,5 , respectively, must contain at least one positive-to-negative crossing change. We complete the proof by using Proposition 4.2. Indeed, a short calculation yields −σ e 2πiα (T 3,4 # − T 2,7 ) 2 = −σ e 2πiβ (T 3,5 # − T 2,9 ) 2 = 1 for This calculation can, for example, be done using [GG05, Proposition 5.1], which is a generalization of the classical formula by Brieskorn and Hirzebruch [Bri66, Hir95] for the classical signature σ = σ −1 of torus knots. Therefore, any sequence of crossing changes turning T 2,7 and T 2,9 into T 3,4 and T 3,5 , respectively, must contain at least one negative-to-positive crossing. Consequently, the pairs {T 2,7 , T 3,4 } and {T 2,9 , T 3,5 } have Gordian distance at least two.
Remark 4.3. We note that for the only if direction of the proof for Corollary 1.3 for the pairs {T 2,7 , T 3,4 } and {T 2,9 , T 3,5 }, we could have used the Tristram-Levine signatures only, rather than ν + . More generally, one may wonder whether Corollary 1.3 can be obtained by use of only Tristram-Levine signatures as obstructions. This would in particular imply that the pairs listed in Corollary 1.3 are the only pairs of torus knots that arise as the boundary of a properly immersed locally flat annulus in S 3 × [0, 1] that selfintersects transversely and in at most one point. However, the formula for the Tristram-Levine signature ends up being somewhat involved and the authors do not see how to use them to obtain the result.
Positive braids and decomposable Lagrangian cobordisms
In this section, we prove Lemma 1.6 and Theorem 1.8. For this, we start with a brief overview of Lagrangian cobordism between Legendrian links. For more details, see e.g. Let ξ std be the standard contact structure on R 3 given by kernel of α std = dz − ydx. Recall that a link Λ ⊂ (R 3 , ξ std ) is Legendrian if T p Λ ⊂ (ξ std ) p for all p ∈ Λ. A positive braid β defines the front diagram of an oriented Legendrian link Λ β as indicated in Figure 7 . We say that Λ β is the Legendrian closure of β and it can be checked that Λ β is a Thurston-Bennequin-number-maximizing Legendrian representatives of the braid closure β. Let R 4 = R t × R 3 be the symplectization of (R 3 , ξ std ), with symplectic form d(e t α std ). An embedded surface L ⊂ R 4 is Lagrangian if d(e t α std )| L ≡ 0. where tb and rot are Thurston-Bennequin number and rotation number, respectively.
The following theorem provides many interesting Lagrangian cobordisms. Theorem 5.2 ([BST15, Cha10, DR16, EHK16]). If two Legendrian links Λ − and Λ + are related by any of the following moves, which are called elementary cobordism, Legendrian isotopy, a pinch, or a birth as in Figure 8 , then there exists an exact Lagrangian cobordism from Λ − to Λ + .
Finally, we say that a Lagrangian cobordism is decomposable if it is the result of stacking the elementary cobordisms. It is not known if every exact Lagrangian cobordism is decomposable.
Proof of Lemma 1.6. By the definition of decomposable Lagrangian cobordism, we only need to show that each move corresponds to an elementary cobordism. Each is described by the figures below. Figure 11 . A Legendrian isotopy and a pinch move to achieve addition of a positive Artin generator. The rest of the strands are omitted. Figure 9 shows that a cyclic permutation can be obtained by a Legendrian isotopy. Figure 10 shows that positive Markov stabilizations and destabilizations can be obtained by a Legendrian isotopy. Finally, Figure 11 shows that adding a positive Artin generator can be obtained by a Legendrian isotopy and a pinch. This completes the proof.
Proof of Theorem 1.8. From Remark 2.2 and the explicit depiction of the cobordisms in the proof of Theorem 1.2, we conclude the following. All cobordisms constructed in the proof of Theorem 1.2 are obtained as a composition of the following moves on positive braids:
• switching between positive braids with the same closure (an operation which can be achieved by positive Markov stabilization and destabilization of positive braids; see [EVHM11, Corollary 1.13]), • positive Markov stabilization or destabilization, • cyclic permutation of a positive braid word, and • removal or addition of a positive generator to a braid word representing a given positive braid. In fact, either two generators get removed (which corresponds to a genus one decomposable cobordism by Lemma 1.6) or exactly one generator is removed and one is added (which corresponds to a genus one cobordism given as the concatenation of two decomposable cobordism with first Betti number 1).
Lastly, note that if there is a genus one exact Lagrangian cobordism from Λ p,q to Λ p ,q , then there exists a genus one cobordism between T p,q and T p ,q . Moreover, by (5.1), the 4-ball genus of T p,q and T p ,q are different. This concludes the proof of Theorem 1.8.
Appendix A. Graphical representation of the results
We end this article by summarizing Theorem 1.2, 1.8, and Corollary 1.3 for coprime 2 ≤ p < q ≤ 24 with p ≤ 11 in the following graphs. 
